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Introduction:

Two-dimensional (planar) elements are defined by three or more nodes in a

two-dimensional plane (that is, x-y).

We begin with the development of the stiffness matrix for a basic
two-dimensional or plane finite element, called the constant-strain triangular

element CST.



Basic concept of plan stress and plan strain:

Plane stress: a state of stress in which the normal stress and the shear
stresses directed perpendicular to the plane are assumed to be zero.

members that are thin (those with a small z dimension compared to the in-plane
X and y dimensions) and whose loads act only in the x-y plane can be
considered to be under plane stress.

iY [




Basic concept of plan stress and plan strain:

Plane strain: a state of strain in which the strain normal to the x-y plane g,
and the shear strains vy,, and y,,, are assumed to be zero.

Strain are realistic for long bodies (say, in the z direction) with constant
cross-sectional area subjected to loads that act only in the x and/or y
directions and do not vary in the z direction.




Two-Dimensional State of Stress and Strain

The essential concepts of two-dimensional stress and strain
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1 » Tyx Three independent stresses
‘ | ) 4/ exist and are represented by
§ to the vector column matrix
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The principal stresses:
(maximum and minimum normal stresses in the two-dimensional plane):
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general two-dimensional state of strain:
du
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The general two-dimensional state of strain at some point in a structure.

The element displaced by amounts u and v in the x and y directions at point A, and extend
an incremental amount (du/dx) dx along line AB.

(09 /0y)dy along line AC in the x and y directions, respectively.

point B moves upward an amount (d9/dy)dx with respect to A.

point C moves to the right an amount (du/dx)dywith respect to A. 7
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The strain ,, Is the change In the original right angle made between dxand ay
when the element undergoes deformation. The strain y,, 1s then called a shear
strain.
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For plane stress, Tz = Tyz = Tyz = ()



We first consider the change in length of the element in the x direction due
to the independent stresses oX, oy, and cz.

We assume that the resultant strain in a system due to several forces is the
algebraic sum of their individual effects.

The stress in the x direction produces a positive strain

Hooke’s law ) 52; T

o=FEeg,




The positive stress in the ydirection produces a negative strain in the x
direction as a result of Poisson’s effect given by
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Solving the equations for the normal stresses, we obtain:
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For shear stress and strain; that is,
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Stress-straln matrix
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Stress—strain relationships for both plane stress and plane strain.
For plane stress,

Applying the previous equation to the three-dimensional stress—strain
relationship, the shear strains y,,= 7,,= 0, but ¢, # 0.

[} = [D]{z)

where [D] =
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Stress—strain relationships for both plane stress and plane strain.
For plane strain,

Applying the equation to the three-dimensional stress—strain relationship, the
shear stresses t,, = 1,, = 0, but 5, # 0.

The stress—strain matrix:

[Dl _ E ¥ | =# 0

(14 w)]1=2v)
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Constant Strain Triangle (CST or T3)

Stiffness Matrix and Equations:

]f':?-‘:T

Thin plate in tension

— -

Discretized plate using
triangular elements
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Constant Strain Triangle (CST or T3)

b ¥ Xy, ¥iom)
Select Element Type: ’ | __ ﬁl— tm
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Basic triangular element
Three nodes at the vertices of the triangle, showing degrees of freedom

numbered around the element in the counterclockwise direction.
Each node has two degrees of freedom.

Displacements «and vare assumed to be linear functions within the element.



Constant Strain Triangle (CST or T3)

Select Displacement Functions:

Selecting a linear displacement function for each element as,

ul X, ¥) = ay + axx + ay

ol x, ¥) = ay 4+ asx + agy

General displacement function:
() {.u] + i x + 95_1'} | x » 0 0O 0
Vi = as +asx+asy] 00 0O 1 x
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To obtain the a’s; by substituting the coordinates of the nodal points into:
My = i x;, ¥y = ay + dax; + asyyy
Uy = u [.1;.. _1';.] = iy + dhX; + d3)y
[{gg — Id I:.'l.'.-_.J. _1'.-_.1] = ] + P Xm + d LY o
Oy — FI:.'I.'J. _1'J.| =y + dg Xy + dgl;y
oy = Py, _1'}.] = d4 + d5X; + 1)
U — FI:.'I.'.-_.J. _1'.-_.1] = {4 + d5Cm + &l Vs

We can solve for the a’s beginning with the first three equations:
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is the determinant of [x|, which on evaluation is

24 = Xi( ¥ = Ym) 4+ X Y — 31) + Zm(y; = ¥7)

Here A 15 the area of the tnangle, and

M= Xi¥m — Filim X = FixXm — Xi¥m Xm = XiF; — ¥

By = ¥j— Vm By = ¥m — ¥i B =1 — ¥

Yi = tm — X Y= %~ im Ym — & — X




Having determuned |x] , we can now exprass

iy |_ X :':__l o - [4;
ar » = R i, 'H,' A, Ii;
i EREIRLT
Similarly, using the last three equations, we can obtain
iy \ K : TR INE:
s, — ﬂ ' ."E'IJ .':-'iu .'i-'l.-,, af
&y, i i f Tm | s
We will derive the general x displacement function u(x,y) of {ur )

in terms of the coordinate variables x and y, known coordinate variables

Ao Ajy oo oo Ve A0 unknown nodal displacements w, u;, and i,
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Wy + Mgy + pald
fu} == [l x A4 Baig+ By 4 Byt
]'JI'|]+]'_.|¢'!'.|'+]';.|I"':|

|
wlx, ¥) = {2+ Bx + ypdus + (9 + Bx + 7000 + (2 + B + P ¥) e }

Smlarly, replaang w; by oy, 1y by vy, and w,, by oy,

|
ol x, ¥) = ﬂ{[-:u + Bix + pv)os + (o + fBix + p) oy + (o + B X + o )0 }
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To express these equations simpler for u and v in simpler form, we define

i |
N; = ﬁ[ %+ fix + ey

ulx, ¥) = Nty + Nty + Nl

_ | ‘
."'nJ- = ﬂ[ X%+ .I'E':-.I —+ .I',-J-] o x, _1"] = Nip; + 'Illl_.l By + Ny
) |
N = 52 + flp ¥ + ¥
v} { ulx, v) } { Nty + Ntig + Npgli, }
"I Vet ) | T | Newe+ Ny + N

. . () [.-"u.", O N 0 Nu 0
General displacements as functions of {d},'¥} = ' 5 ¢ N, 0 N

in terms of the shape functions
JI.Ll'rr'._ JI.Ll'rlii:l Ell'l{_:l JI.LI'rm-



Constant Strain Triangle (CST or T3)

Define the Strain/Displacement and Stress/Strain Relationships

Expressing the element strains and stresses in terms of the unknown
nodal displacements.

Element Strains

- 2% ) Substituting displacement functions for u and v from
0x
bx au ulx, v) = ay + ax + ayy
;.jjl; — £ = ¢ - >
- 0} H v 1t — . .
Yoo - vlx, v) = ayg + asx 4+ ag)
| du oo
.ﬁ E?_l' T ax ) Exy — 2 &y = dg .-'!.1'_1' = {dy =+ s

The strains in the element are constant.
The element is then called a constant-strain triangle (CST). =



Constant Strain Triangle (CST or T3)

Define the Strain/Displacement and Stress/Strain Relationships

g
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Constant Strain Triangle (CST or T3)

Define the Strain/Displacement and Stress/Strain Relationships

I
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Constant Strain Triangle (CST or T3)

Define the Strain/Displacement and Stress/Strain Relationships

Stress-Strain Relationship:

i Ex For plane stress
ay ¢ =|D|§ &
fxy :"r.‘-l.'_'li

{a} = |D||B|{d} For planestrain [p]=

where the stresses {0} are also constant everywhere within the element

E
D] = v
D] g
0
1 =v
E ¥
1+ v)(1-2v)
0
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Element stiffness matrix for the CST element,

Consider the strain energy stored in an element.

1

U IJ.{TIE dv =—‘|.(e:r_1r £ +0,€ +T, 7, )dV

-

9

v v
1
;

¥ ¥

=7J.[EE}T£:1’V = l‘I.ETEE.:J'TV

=%[1IJ' B 'EBdrd
2y

=l[ljr|~;{1
N

k - | B'EB AV = 14(B"EB)

t: 1s the thickness of the element.
Notice that k for CST isa 6 by 6

The matrix multiplication can be carried out by a computer program.

symmetric matrix.




Natural Coordinates

Natural coordinate system:

* Alocal coordinate system.

« Specify a point within the element by a set of dimensionless numbers

whose magnitude never exceeds unity.

The Natural Coordinates
30



Natural Coordinates

Both the expressions of the shape functions and their derivations are lengthy
and offer little insight into the behaviour of the element.

The Natural Coordinates

We Introduce the natural coordinates (§,n) on the triangle, then the shape
functions can be represented simply by,

N =&, N,=n, N,=1-L-n N +N,+N; =1 31



which ensures that the rigid body translation is represented by the chosen

shape functions. Also, as in the 1-D case,

1. at node 1:

0. at the other nodes

and varies linearly within the element. The plot for shape function A1 Is shown

In the following figure. A2 and A3 have similar features.

Shape Function Ny for CST



We have two coordinate systems for the element: the global coordinates (x, J)
and the natural coordinates (£, 7). The relation between the two Is given by
x=Npx, +Nx, + Nox;
y=Ny+N,y, + N3y
o1,
X =x.,E+x,,]+X,

| — 1 .-E_ | A 71
V= ¥Vi5+ Va3l + ¥;

where xj; = x; - Xy and yy =y - ¥ (i, j = 1. 2. 3) as detined earlier.
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Displacement ¢ or von the element can be viewed as functions of (x, ) or
(£,17). Using the chain rule for derivatives, we have,

du| [dx dyl|[du] |
Ja_ _|9& 9&|lox|_ Jox|
dJul | dx dv|ldul "|dul
]_a_n on Inllay] [9y.

where J Is called the Jacobian matrix of the transformation.

J— |:I13 Yiz :| J = jl |: Yz = .1113}
Xz Va3 24 — X X3

wheredetJ = x)y- xy=A13 2323 13 2 has been used 34
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Using the results in and the relations

&= Du = DNd = Bd, we obtain the strain-displacement matrix,

which Is the same as we derived earlier
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